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REMARKS ON JORDAN DERIVATIONS OVER MATRIX
ALGEBRAS
ARINDAM GHOSH AND OM PRAKASH⋆
Abstract. Let C be a commutative ring with unity. In this article, we show
that every Jordan derivation over an upper triangular matrix algebra Tn(C)
is an inner derivation. Further, we extend the result for Jordan derivation on
full matrix algebra Mn(C).
1. Introduction
Throughout this article C denotes a commutative ring with unity, unless other-
wise stated and T a C-algebra. Recall that a map D : T → T is called a Jordan
derivation if it is C-linear and D(a2) = D(a)a+ aD(a), for all a ∈ T . This is said
to be a derivation if D(ab) = D(a)b+ aD(b), for all a, b ∈ T and an antiderivation
if D(ab) = D(b)a+ bD(a), for all a, b ∈ T . Derivations and antiderivations are the
trivial examples of Jordan derivations. But not every Jordan derivation is a deriva-
tion (Example of [11]). A derivation D : T → T is said to be an inner derivation if
there exists a0 ∈ T such that D(a) = a0a− aa0, for all a ∈ T .
The study of Jordan derivation was initiated by Herstein in 1957. In [9], he had
shown that there is no proper Jordan derivation for a prime ring of characteristic
not 2. In 1975, Cusack extended Herstein’s result in [7]. Later on, in 1988 Bresˇar [4]
proved that every Jordan derivation from a 2-torsion free semiprime ring into itself
is a derivation. Note that a ring R is 2-torsion free if for a ∈ R such that 2a = 0R,
then a = 0R. The problem whether every Jordan derivation of a ring or algebra
into itself is a derivation was discussed by many mathematicians in [3, 13, 10].
Now, suppose A and B are unital algebras over C, and M a unital (A,B)-
bimodule which is faithful as a left A-module and as a right B-module. Then the
C-algebra
Tri(A,B,M) =
{(
a m
0 b
)
| a ∈ A, b ∈ B, m ∈M
}
under the usual matrix operations is said to be a triangular algebra. In last few
years Jordan derivation over triangular algebras has invited attention of many math-
ematicians. In 2005, Benkovicˇ [2] proved that every Jordan derivation from an
upper triangular matrix algebra A into its arbitrary bimodule M is the sum of a
derivation and an antiderivation, whereM is 2-torsion free. In 2006, Zhang and Yu
[14] proved that every Jordan derivation from U into itself is a derivation, where
U = Tri(A,B,M) is a triangular algebra and C is 2-torsion free. Note that above
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result is not true if C is not 2-torsion free. In this connection an example of a
Jordan derivation over Tri(A,B,M) is given which is not a derivation. The con-
struction of the example is same as in Example 8 by Cheung in [6], but in other
perspective.
Example 1.1. Let C = Z2, A = B =
{(
a b
0 a
)
| a, b ∈ Z2
}
and M = T2(Z2),
where Z2 = {0, 1}, a field with two elements and T2(Z2) is the algebra of 2× 2 ma-
trices over Z2. Note that Z2 is not a 2-torsion free ring. Define D : Tri(A,B,M)→
Tri(A,B,M) as
D(X) = a34e12 + a24e13 + a13e24 + a12e34 for all X ∈ Tri(A,B,M),
where X = a11(e11 + e22) + a33(e33 + e44) + a12e12 + a13e13 + a14e14 + a24e24
+ a34e34, aij ∈ Z2.
Here eij represents the n × n matrix with 1 at (i, j)th position and 0 elsewhere.
Then D is a Jordan derivation over Tri(A,B,M). Let X = e11 + e13 + e14 + e22 +
e33 + e34 + e44 and Y = e13 + e14 + e33 + e34 + e44. In this case, D(XY ) = 0 6=
e12 = D(X)Y +XD(Y ). Therefore, D is not a derivation over Tri(A,B,M).
Motivated by above, in Section 2, we prove that a Jordan derivation from the
algebra of upper triangular matrices Tn(C) into itself is a derivation, without as-
suming C to be 2-torsion free (Theorem 2.1). This is towards the furtherance of
Theorem 2.1 of [14]. Moreover, it has been proved that derivation on Tn(C) is
an inner derivation (Theorem 2.2). In 2007 [8], Ghosseiri proved that if R is a
2-torsion free ring, n ≥ 2, and D is a Jordan derivation on the upper triangular
matrix ring Tn(R), then D is a derivation. As a consequence of Theorem 2.1, a
remark is provided on Ghosseiri’s result that Jordan derivation over Tn(F ), where
F = {0, 1} is not 2- torsion free, is a derivation (Corollary 2.1).
In 2009 [1], Alizadeh proved that if A is a unital associative ring and M is a 2-
torsion free A-bimodule, then every Jordan derivation fromMn(A) intoMn(M) is
a derivation. In Section 3, we prove that there is no such proper Jordan derivations
on the full matrix algebraMn(C), without assuming C is 2-torsion free (Theorem
3.1). Further, it is proved that every derivation on Mn(C) is an inner derivation
(Theorem 3.2).
Before stating the main results, we have the following:
Let T be an algebra, 0T and 1T represent zero and identity of T respectively.
Similarly 0 and 1 represent the zero and identity of C respectively. eij denotes the
square matrix (eij)n×n with 1 at (i, j)th position and 0 elsewhere. Let D : T → T
be a Jordan derivation. Then D(x2) = D(x)x + xD(x) for all x ∈ T . Replacing x
by x+ y, we have D((x+ y)2) = D(x+ y)(x+ y) + (x+ y)D(x+ y), which implies
for all x, y ∈ T ,
(1.1) D(xy + yx) = D(x)y + xD(y) +D(y)x+ yD(x).
Since D is additive,
(1.2) D(0T ) = 0T .
Also, D(1T ) = D(1
2
T ) = D(1T )1T + 1TD(1T ), therefore
(1.3) D(1T ) = 0T .
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2. Jordan Derivation on Tn(C)
In this section, we discuss about Jordan derivation which is an inner derivation
over upper triangular matrix algebras and towards this we prove the following:
Theorem 2.1. Let C be a commutative ring with unity and Tn(C) be an algebra of
n× n upper triangular matrices over C. Then every Jordan derivation on Tn(C),
n ≥ 2 into itself is a derivation.
Proof. Let T = Tn(C) and D be a Jordan derivation from T into itself. Let
D(eii) =
∑
1≤j≤k≤n
a
(ii)
jk ejk , where a
(ii)
jk ∈ C.(2.1)
Since D is a Jordan derivation, D(eii) = D(e
2
ii) = D(eii)eii + eiiD(eii). Now, by
using (2.1) and equating the coefficients from both sides, we obtain
(2.2)
D(eii) = a
(ii)
1i e1i + a
(ii)
2i e2i + a
(ii)
3i e3i + · · ·+ a
(ii)
i−1,iei−1,i + a
(ii)
i,i+1ei,i+1 + · · ·+ a
(ii)
in ein
for all i ∈ {1, 2, 3, · · · , n}.
Also, from (1.3), we have D(1T ) = 0T . Therefore, by using (2.2), we have∑
1≤i<j≤n
(a
(ii)
ij + a
(jj)
ij )eij = 0T . Hence,
a
(ii)
ij + a
(jj)
ij = 0 , for 1 ≤ i < j ≤ n.(2.3)
In order to find D(eij), when 1 ≤ i < j ≤ n, let D(eij) =
∑
1≤k≤l≤n
a
(ij)
kl ekl, for
a
(ij)
kl ∈ C and 1 ≤ i < j ≤ n. Now, by applying (1.1) on eij = eiieij + eijeii, we
have D(eij) = D(eii)eij + eiiD(eij) +D(eij)eii + eijD(eii). Also, by (2.2), we get,
(2.4)
D(eij) = a
(ii)
1i e1j + a
(ii)
2i e2j + a
(ii)
3i e3j + · · ·+ a
(ii)
i−1,iei−1,j
+ a
(ij)
1i e1i + a
(ij)
2i e2i + · · ·+ a
(ij)
i−1,iei−1,i + a
(ij)
i,i+1ei,i+1 + · · ·+ a
(ij)
in ein.
Since eij = eijejj + ejjeij . Therefore, by using (1.1) and putting the value of
D(eij) from (2.4) and D(ejj) from (2.2), we have
(2.5)
D(eij) = a
(ii)
1i e1j+a
(ii)
2i e2j+a
(ii)
3i e3j+· · ·+a
(ii)
i−1,iei−1,j+a
(ij)
ij eij+a
(jj)
j,j+1ei,j+1+· · ·+a
(jj)
jn ein.
Now from the assumption of D(eij) and (2.5),
(2.6)
D(eij) = a
(ii)
1i e1j+a
(ii)
2i e2j+a
(ii)
3i e3j+· · ·+a
(ii)
i−1,iei−1,j+a
(ij)
ij eij+a
(ij)
i,j+1ei,j+1+· · ·+a
(ij)
in ein.
Now, we establish
(2.7) D(eijekl) = D(eij)ekl + eijD(ekl)
for all i, j, k, l ∈ {1, 2, 3, · · · , n}. Since (2.7) is equivalent to
(2.8) D(ekleij) = D(ekl)eij + eklD(eij).
Therefore, proof of (2.7) is sufficient to justify (2.8) and vice-versa. During the
proof, we frequently use (2.2) and (2.6).
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Case 1: Let i 6= j. Without loss of generality, let i > j. Since from (2.2), we
have
D(eii)ejj + eiiD(ejj) = 0T .
Therefore, D(eiiejj) = D(eii)ejj + eiiD(ejj).
Case 2: Let j < k. In this case we want to establish D(eiiejk) = D(eii)ejk +
eiiD(ejk) for all i, j, k ∈ {1, 2, 3, · · · , n}.
If i < j, then by using (2.3),
D(eii)ejk + eiiD(ejk) = (a
(ii)
ij + a
(jj)
ij )eik = 0T .
If i = j, then
D(eik)eii + eikD(eii) = 0T .
If i > j, then
D(eii)ejk + eiiD(ejk) = 0T .
Case 3: Let i < j and k < l. Now, we prove D(eijekl) = D(eij)ekl + eijD(ekl)
for all i, j, k, l ∈ {1, 2, 3, · · · , n}.
For j < k,
D(ekl)eij + eklD(eij) = 0T .
If j = k, then
D(ekl)eik + eklD(eik) = 0T .
Also, for j > k,
D(eij)ekl + eijD(ekl) = 0T .
Now to prove D is a derivation on T , let A, B ∈ T , where A =
∑
1≤i≤j≤n
Aijeij
and B =
∑
1≤k≤l≤n
Bklekl for some Aij , Bkl ∈ C. Since D is a Jordan derivation on
T and a derivation on eij ’s. Hence
D(A)B +AD(B) =
∑
1≤i≤j≤n
∑
1≤k≤l≤n
AijBkl[D(eij)ekl + eijD(ekl)]
=
∑
1≤i≤j≤n
∑
1≤k≤l≤n
AijBklD(eijekl)
= D(
∑
1≤i≤l≤n
Cileil)
= D(AB),
where Cil =
∑l
j=i AijBjl. Thus, D is a derivation on T . 
Now as a corollary, we describe Jordan derivation on Tn(F ), where n ≥ 2 is
a positive integer and Tn(F ) is considered as a ring. In this case, we relax the
linearity condition of the map.
Corollary 2.1. If F is a field with two elements, then every Jordan derivation on
Tn(F ), n ≥ 2, into itself is a derivation.
Proof. Let D is a Jordan derivation on Tn(F ). Since F = {0, 1}, D is F -linear.
Hence D is a derivation by Theorem 2.1. 
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Theorem 2.2. Every derivation over Tn(C), n ≥ 2, is an inner derivation.
Proof. Let D be a derivation on Tn(C). Since every derivation is a Jordan deriva-
tion, all the identities in the proof of Theorem 2.1 hold.
Let i < j < k. Since eik = eijejk and D is a derivation on Tn(C), we have
D(eik) = D(eij)ejk + eijD(ejk). By (2.6), equating the coefficient of eik from both
sides,
(2.9) a
(ik)
ik = a
(ij)
ij + a
(jk)
jk .
Let X =
∑
1≤j≤k≤n
xjkejk, where xjk ∈ C. Now, by using (2.2), (2.3), (2.6) and
(2.9), D(X) = BX −XB, where
B =
n∑
l=2
(−a
(1l)
1l )ell +
∑
1≤i<j≤n
a
(jj)
ij eij .
So, D is an inner derivation.

As a consequence of Theorem 2.1 and 2.2, we have the following:
Corollary 2.2. Every Jordan derivation over Tn(C), n ≥ 2, is an inner derivation.
Let D be a Jordan derivation on Tn(C). The question is whether there exists a
unique B ∈ Tn(C) so that D(X) = BX −XB, for all X ∈ Tn(C). The answer is
given by the following example.
Example 2.3. Define D : T2(Z)→ T2(Z) by
D
(
x11 x12
0 x22
)
=
(
0 x12
0 0
)
, where xij ∈ Z, the ring of integers.
By easy computation, D is a Jordan derivation. Also, by Corollary 2.2, D is inner.
Note that D(X) = BX−XB for B = e11 or B = −e22. Hence, we have more than
one choices in this case for B.
3. Jordan Derivations on Mn(C)
Now, we state and prove our main theorem of Jordan derivation on full matrix
algebra.
Theorem 3.1. Let C be a commutative ring with unity and Mn(C) be the full
matrix algebra over C. Then every Jordan derivation on Mn(C), n ≥ 2 into itself
is a derivation.
Proof. Let T =Mn(C), D be a Jordan derivation from T into itself. Let
D(eii) =
n∑
k=1
n∑
l=1
a
(ii)
kl ekl , for a
(ii)
kl ∈ C.(3.1)
Since D is a Jordan derivation, D(eii) = D(e
2
ii) = D(eii)eii + eiiD(eii). Now, by
using (3.1) and equating the coefficients from both sides, we obtain,
(3.2)
D(eii) = a
(ii)
i1 ei1 + · · ·+ a
(ii)
i,i−1ei,i−1 + a
(ii)
i,i+1ei,i+1 + · · ·+ a
(ii)
in ein
+ a
(ii)
1i e1i + · · ·+ a
(ii)
i−1,iei−1,i + a
(ii)
i+1,iei+1,i + · · ·+ a
(ii)
ni eni
for all i ∈ {1, 2, 3, · · · , n}.
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Also,
(3.3)
D(1T ) = 0T =⇒
n∑
k=1
n∑
l=1
k 6=l
(a
(kk)
kl + a
(ll)
kl )ekl = 0T
=⇒ a
(kk)
kl + a
(ll)
kl = 0
for all k, l with k 6= l, by using (1.3) and (3.2).
In order to find D(eij) for i 6= j, let
D(eij) =
n∑
k=1
n∑
l=1
a
(ij)
kl ekl , for a
(ij)
kl ∈ C and i 6= j.(3.4)
From (1.2), we have the identity D(eij)eij + eijD(eij) = D(e
2
ij) = D(0T ) = 0T .
By equating the coefficients of eij and eii, we obtain
(3.5) a
(ij)
ii + a
(ij)
jj = 0
and
(3.6) a
(ij)
ji = 0
respectively. Now, applying (1.1) on eij = eiieij+eijeii, we getD(eij) = D(eii)eij+
eiiD(eij) +D(eij)eii + eijD(eii). Using (3.2) and (3.4),
(3.7)
D(eij) = a
(ii)
1i e1j + · · ·+ a
(ii)
i−1,iei−1,j + a
(ii)
i+1,iei+1,j + · · ·+ a
(ii)
ni enj
+ a
(ij)
i1 ei1 + · · ·+ a
(ij)
i,i−1ei,i−1 + a
(ij)
ii eii + a
(ij)
i,i+1ei,i+1 + · · ·+ a
(ij)
in ein
+ a
(ij)
1i e1i + · · ·+ a
(ij)
i−1,iei−1,i + a
(ij)
ii eii + a
(ij)
i+1,iei+1,i + · · ·+ a
(ij)
ni eni
+ a
(ii)
ji eii.
Now, from (3.4) and (3.7), equating the coefficient of eii,
(3.8) a
(ij)
ii = 2a
(ij)
ii + a
(ii)
ji .
Therefore, from (3.7) and (3.8),
(3.9)
D(eij) = a
(ii)
1i e1j + · · ·+ a
(ii)
i−1,iei−1,j + a
(ii)
i+1,iei+1,j + · · ·+ a
(ii)
ni enj
+ a
(ij)
i1 ei1 + · · ·+ a
(ij)
i,i−1ei,i−1 + a
(ij)
ii eii + a
(ij)
i,i+1ei,i+1 + · · ·+ a
(ij)
in ein
+ a
(ij)
1i e1i + · · ·+ a
(ij)
i−1,iei−1,i + a
(ij)
i+1,iei+1,i + · · ·+ a
(ij)
ni eni.
Since eij = eijejj + ejjeij . So by using (1.1), (3.3) and (3.6) and putting the
values of D(eij) and D(ejj) from (3.9) and (3.2) respectively, we have
(3.10)
D(eij) = a
(ii)
1i e1j + · · ·+ a
(ii)
i−1,iei−1,j + a
(ii)
i+1,iei+1,j + · · ·+ a
(ii)
ni enj + a
(ij)
ij eij
+ a
(jj)
j1 ei1 + · · ·+ a
(jj)
j,j−1ei,j−1 + a
(jj)
j,j+1ei,j+1 + · · ·+ a
(jj)
jn ein.
Also, from (3.4) and (3.10),
(3.11)
D(eij) = a
(ii)
1i e1j + · · ·+ a
(ii)
i−1,iei−1,j + a
(ii)
i+1,iei+1,j + · · ·+ a
(ii)
ni enj
+ a
(ij)
i1 ei1 + · · ·+ a
(ij)
i,i−1ei,i−1 + a
(ij)
ii eii + a
(ij)
i,i+1ei,i+1 + · · ·+ a
(ij)
in ein
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and
(3.12) a
(ij)
il = a
(jj)
jl , for all l ∈ {1, 2, · · · , j − 1, j + 1, · · · , n}.
Now, equating the coefficient of ejj from (3.4) and (3.11),
(3.13) a
(ij)
jj = a
(ii)
ji
Again, from (3.5) and (3.13),
(3.14) a
(ij)
ii + a
(ii)
ji = 0.
Now, we establish
(3.15) D(eijekl) = D(eij)ekl + eijD(ekl)
for all i, j, k, l ∈ {1, 2, 3, · · · , n}. Since (3.15) is equivalent to
(3.16) D(ekleij) = D(ekl)eij + eklD(eij).
Therefore, proof of (3.15) is sufficient to justify (3.16) and vice-versa. During the
proof, we frequently use (3.2) and (3.11).
Case 1: Let i 6= j. Since from (3.2) and (3.3), we have
D(eii)ejj + eiiD(ejj) = (a
(ii)
ij + a
(jj)
ij )eij = 0T .
Therefore, D(eiiejj) = D(eii)ejj + eiiD(ejj).
Case 2: Let j 6= k. In this case we establish D(eiiejk) = D(eii)ejk + eiiD(ejk)
for all i, j, k ∈ {1, 2, 3, · · · , n}.
If i 6= j, then by using (3.2), (3.3) and (3.11),
D(eii)ejk + eiiD(ejk) = (a
(ii)
ij + a
(jj)
ij )eik = 0T .
If i = j, then by using (3.14),
D(eik)eii + eikD(eii) = (a
(ik)
ii + a
(ii)
ki )eii = 0T .
Case 3: Let i 6= j and k 6= l. Now, our goal is to prove D(eijekl) = D(eij)ekl +
eijD(ekl) for all i, j, k, l ∈ {1, 2, 3, · · · , n}.
Let j 6= k. Then by Case 2 and (1.1),
(3.17) D(eijekk) = 0T =⇒ D(eij)ekk + eijD(ekk) = 0T =⇒ a
(ij)
ik + a
(kk)
jk = 0.
Also, by using (3.17), we have
D(eij)ekl + eijD(ekl) = (a
(ij)
ik + a
(kk)
jk )eil = 0T .
Let j = k and i 6= l. Replacing (i, j, k) by (j, l, i) in (3.17), we have
D(ejl)eij + ejlD(eij) = (a
(jl)
ji + a
(ii)
li )ejj = 0T .
Let j = k and i = l. Interchanging i and j in (3.12), we get
D(eij)eji + eijD(eji) = a
(ii)
1i e1i + · · ·+ a
(ii)
i−1,iei−1,i + a
(ii)
i+1,iei+1,i + · · ·+ a
(ii)
ni eni
+ a
(ji)
j1 ei1 + · · ·+ a
(ji)
j,i−1ei,i−1 + a
(ji)
j,i+1ei,i+1 + · · ·+ a
(ji)
jn ein
= a
(ii)
1i e1i + · · ·+ a
(ii)
i−1,iei−1,i + a
(ii)
i+1,iei+1,i + · · ·+ a
(ii)
ni eni
+ a
(ii)
i1 ei1 + · · ·+ a
(ii)
i,i−1ei,i−1 + a
(ii)
i,i+1ei,i+1 + · · ·+ a
(ii)
in ein
= D(eii).
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This proves our claim. Finally, proof of D(AB) = D(A)B + AD(B), where
A,B ∈Mn(C) is same as in Theorem 2.1. Thus, D is a derivation onMn(C). 
To find an example of Jordan derivation over Mn(C), we get only inner deriva-
tion. Towards this, we have the following:
Theorem 3.2. Let C be a commutative ring with unity and Mn(C) be the algebra
of all n× n matrices over C. Then every derivation of Mn(C), n ≥ 2 is an inner
derivation.
Proof. Let D be a derivation onMn(C). Since every derivation is a Jordan deriva-
tion, all the identities in proof of the Theorem 3.1 hold.
Let i 6= j 6= k. Since eik = eijejk and D is a derivation on Mn(C), we have
D(eik) = D(eij)ejk+eijD(ejk). By (3.11), equating the coefficient of eik from both
sides,
(3.18) a
(ik)
ik = a
(ij)
ij + a
(jk)
jk .
For i 6= j, from eii = eijeji, we have D(eii) = D(eij)eji + eijD(eji). By (3.2)
and (3.11), equating the coefficient of eii from both sides,
(3.19) a
(ij)
ij + a
(ji)
ji = 0.
Let X =
∑n
k=1
∑n
l=1 xklekl, where xkl ∈ C. Now, by using (3.2), (3.3), (3.11),
(3.18) and (3.19), D(X) = BX −XB, where
B =
n∑
l=2
(−a
(1l)
1l )ell +
n∑
i=1
n∑
j=1
i6=j
a
(jj)
ij eij .
Thus, D is an inner derivation. 
As a consequence of Theorem 3.1 and 3.2, we have the following.
Corollary 3.1. Every Jordan derivation over Mn(C), n ≥ 2 is an inner deriva-
tion.
Let D be a Jordan derivation on Mn(C). The question is whether there exists
a unique B ∈ Mn(C) such that D(X) = BX − XB, for all X ∈ Mn(C). The
answer is given by the following example.
Example 3.3. Define D :M4(Z)→M4(Z) by
D


x11 x12 x13 x14
x21 x22 x23 x24
x31 x32 x33 x34
x41 x42 x43 x44

 =


0 x12 −x12 + x13 x14
−x21 + x31 x32 −x22 + x33 x34
−x31 0 −x32 0
−x41 0 −x42 0

 , where xij ∈ Z.
Then it is easy to see that D is a Jordan derivation. By Corollary 3.1, D is
an inner derivation. Moreover, D(X) = BX − XB, for B = e11 + e23 or B =
2e11 + e22 + e33 + e44 + e23. Therefore, for B, we have multiple choices.
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